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We get an explicit formula for the number of solutions of a diagonal equation over
finite fields, under a certain natural restriction on the exponents.  1997 Academic Press
Let F 5 Fq be the finite field of q elements, where q 5 p f, f $ 1, p is a
odd prime number. A diagonal equation over F is an equation of the form
a1xd11 1 a2xd22 1 ? ? ? 1 anxdnn 5 c, n $ 2, aj [ F*, j 5 1, . . . , n, c [ F. (1)
Finding the number of solutions (x1 , . . . , xn) [ F (n) of (1) in the general
case is a very difficult problem. In 1994, Wolfmann [1] gives new results
on the number of solutions of such equations from cyclic codes.
In is well known [2] that finding the number of solutions of (1) can be
obtained by the number of solutions of the equations of the form
c1xd11 1 c2xd22 1 ? ? ? 1 cnxdnn 5 0, n $ 2, cj [ F*, j 5 1, . . . , n, (2)
where di . 1 and di divides q 2 1 for all i.
Let N(d1 , . . . , dn ; c1 , . . . , cn) be the number of solutions of (2). Sun
Qi and Yuan Ping-Zhi [3] proved that
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N(d1 , . . . , dn ; c1 , . . . , cn) 5 N(u1 , . . . , un ; c1 , . . . , cn),
where uj 5 (dj , d1 ? ? ? dn/dj), j 5 1, . . . , n.
Recently, Granville, Shuguang Li, and Sun Qi [4] proved that
N(d1 , . . . , dn ; c1 , . . . , cn) 5 N(w1 , . . . , wn ; c1 , . . . , cn), (3)
where wj 5 (dj , lcm[di : i ? j]), j 5 1, . . . , n.
In this note, we obtain the following theorem.
THEOREM. Let 2 u n, n $ 2. Let dj 5 2mj , j 5 1, . . . , n 2 2;
dn21 5 kmn21; dn 5 klmn (k $ 3, l $ 1); (2k, mj) 5 1, j 5 1, . . . , n; and
(mi , mj) 5 1, 1 # i , j # n. Then
n  
N(d1 , . . . , dn ; 1, . . . , 1) 5
5q
n21 1 (k 2 1)(q 2 1)(21)((q 2 1)/2)(n 2 2)/2q(n 2 2)/2, if 2 Uq 2 1k ,
qn21 2 (q 2 1)(21)((q 2 1)/2)(n 2 2)/2q(n 2 2)/2, if 2 Uuq 2 1k .
Proof of theorem. Let g be a fixed primitive element of F and a 5 gh,
where a [ F*, 0 # h , q 2 1. We define that indg a 5 h, or simply
ind a 5 h.
It is well known that N(d1 , . . . , dn ; c1 , . . . , cn) is given by the formula
(see [3])
N(d1 , . . . , dn ; c1 , . . . , cn) 5 qn21
(4)
1 O
y1/d11???1yn/dn;0(mod1)
1#yj#dj21, j51,...,n
xy11 (c
21
1 ) ? ? ? xynn (c21n )J0(x
y1
1 , . . . , x
ynn ),
where xj(a) 5 e2fiinda/dj is a character of order dj on F, a [ F *, j 5
1, . . . , n. J0(x1 , . . . , xn) is the Jacobi sum over F, that is,
J0(x1 , . . . , xn) 5 O
a11???1an50
ai[F
x1(a1) ? ? ? xn(an).
Let dj 5 2mj , j 5 1, . . . , n 2 2; dn21 5 kmn21 ; dn 5 klmn (l $ 1, k $
3); (2k, mj) 5 1, j 5 1, . . . , n; (mi , mj) 5 1, 1 # i , j # n. Let
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«(k) 5 H0, if 2 u k,
1, if 2 uuk.
Then we have
wj5(dj , lcm[di : i? j])5(2mj ,2«(k)klm1 ? ? ?mn/mj)52, j51, . . . ,n22,
wn21 5(dn21 , lcm[di : i?n21])5(kmn21 ,2«(k)klm1 ? ? ?mn/mn21)5k,
wn 5(dn , lcm[di : i?n])5(klmn ,2«(k)km1 ? ? ?mn21)5k.
It follows from (3) that
n n22 n        
N(d1 , . . . , dn ; 1, . . . , 1) 5 N(2, . . . , 2, k, k; 1, . . . , 1). (5)
Let I(d1 , . . . , dn) denote the number of solutions ( y1 , . . . , yn) [ Z (n)
of the equation
y1/d1 1 ? ? ? 1 yn/dn ; 0 (mod 1), 1 # yj # dj 2 1, j 5 1, . . . , n.
n22  
Obviously, if 2 u n, then I(2, . . . , 2, k, k) 5 k 2 1, that is, if 2 u n, then
the equation
y1
2
1 . . . 1
yn22
2
1
yn21
k
1
yn
k
; 0 (mod 1); yj 5 1; j 5 1, . . . , n 2 2,
1 # yj # k 2 1, j 5 n 2 1, n, has k 2 1 solutions:
n22  
(1, . . . , 1, j, k 2 j), j 5 1, . . . , k 2 1, (6)
So, by (4), (5), and (6), we have
n n22 n        
N(d1 , . . . , dn ; 1, . . . , 1) 5 N(2, . . . , 2, k, k; 1, . . . , 1)
n22  
5 qn21 1 Ok21
j51
J0(h, . . . , h, s j, s k2j),
where s(a) 5 e2fiinda/k is a character of order k on F, h(a) 5 efiinda denotes
the quadratic character of F, a [ F*.
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It is well known that (see Proposition 8.5.1 (c) and Theorem 3 of Chapter
8 of [5])
n22 n22     
J0(h, . . . , h, s j, s k2j) 5 s k2j(21)(q 2 1)J(h, , . . , h, s j),
n22  
J(h, . . . , h, s j) 5 O
a11???1an2151
ai[F
h(a1) ? ? ? h(an22)s j(an21) (8)
5
Gn22(h, c)G(s j, c)
G(hn22s j, c)
,
where G(h, c) 5 oa[F* h(a)c(a), G(s j, c) 5 oa[F* s j(a)c(a), c(c) 5
e2fiTr(c)/p. Since 2 u n, thus Gn22(h, c) 5 (h(21)q)(n22)/2 and G(hn22s j, c) 5
G(s j, c). So, (8) can be written as
n22  
J0(h, . . . , h, s j, s k2j) 5 s k2j(21)(q 2 1)(h(21)q)(n22)/2 (9)
5 s k2j(21)(q 2 1)(21)(q21)/2(n22)/2q(n22)/2,
and (7) can be written as
n  
N(d1 , . . . , dn , 1, . . . , 1) 5 qn21 1 (q 2 1)(21)(q21)/2(n22)/2
q(n22)/2 Ok21
j51
s k2j(21).
Since k u q 2 1 and s(21) 5 efi(q21)/k, thus
Ok21
j51
s k2j(21) 5 5k 2 1, if 2 U
q 2 1
k
,
21, if 2 Uuq 2 1k .
This completes the proof.
Remark. By (3), (4), (6), and (9), we have
N(d1 , . . . , dn ; c1 , . . . , cn) 5 qn21 1h(c211 ? ? ? c21n22)(21)(q21)/2(n22)/2
(q 2 1)q(n22)/2 Ok
j51
s j(c21n21)s k2j(2c21n ).
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